We investigate an integrable property and observables of 2 dimensional N = (4, 4) topological field theory defined on a discrete lattice by using the "orbifolding" and "deconstruction" methods. We show that our lattice model possesses the integrability and the partition function reduces to matrix integrals of scalar fields on sites in consequence. We make clear meaningful differences between the discrete lattice and differentiable manifold, which would be important to a study of topological quantities on the lattice. We also propose a new construction of N = (2, 2) supersymmetric lattice theory, which is realized by a suitable truncation of scalar fields from the N = (4, 4)
§1. Introduction
Non-perturbative dynamics in gauge and string theory are very important issues. A lattice formulation of gauge theory is one of candidate tools to analyze non-perturbatively in strong coupling region, but the whole picture including non-trivial topological configurations like instantons still has not been known.
On the other hand, some non-perturbative dynamics can be found exactly in continuum gauge field theory if the theory possesses supersymmetry. Especially, if there exist the sufficient numbers of preserving supercharges, holomorphic observables including corrections from many instantons has been already known exactly. Seiberg and Witten show that a prepotential in 4 dimensional N = 2 supersymmetric gauge theory is exactly given in terms of a hyper-elliptic curve (Seiberg-Witten curve) which contains multi instanton corrections in principle. 1), 2) More recently, Nekrasov also shows that the prepotential arises as a free energy of some statistical partition function, where the author uses a technique of the so-called "localization". 3), 4) Moreover Dijkgraaf and Vafa show that an effective superpotential of N = 1 supersymmetric gauge theory can be obtained from a holomorphic matrix model. 5)- 7) These exact results are thanks to integrability of the supersymmetric gauge theory, and the more supercharges the system has, the more conspicuous the integrable nature becomes. Then we may ask a natural question; if we realize the supersymmetric gauge theories on the discrete lattice, is the integrable structure still hold? If so, are the various non-perturbative results, which can be obtained by the algebraic curves and matrix models, also recovered from lattice theory? To investigate this structure is our motivation and purpose in the present paper.
Constructions of supersymmetric gauge theories on the lattice are considered in various ways. 8)−27) However many constructions concentrate one's attention only on those actions themselves, which of course coincide with the continuum theory in the limit that the lattice spacing goes to zero. So much authors did not discuss on a partition function and physical observables of supersymmetric lattice gauge theory. * ) As we said, we would like to explore the integrability of lattice theory as well as continuum theory. We expect that some classes of the observables may be obtained exactly even on the lattice.
To proceed analysis of supersymmetric gauge theory on the lattice, we utilize the formulation via "orbifolding" and "deconstruction", which are discovered by 28) and 31) , and applied to supersymmetric lattice theory by 8)-10). This is because these constructions seem to be natural from a D-brane construction point of view, namely the deconstruction technique is essentially equivalent to quiver gauge theories or D-branes at an orbifold singularity, * ) There are other several studies 12), 14)−17) beyond a tree level for example.
which are very compatible with string theoretical interpretations. So we think that the deconstruction may preserve the integrable structure (and partial supersymmetries) even in the discrete lattice picture.
In this paper, we formulate 2 dimensional supersymmetric gauge theory and investigate characters of the partition function and topological observables by using the deconstruction and the localization. We first construct 2 dimensional N = (4, 4) from a reduced matrix model with 8 supercharges. And also we discuss on the properties of the observables of the reduced matrix model, the orbifolded model and the deconstructed model. In section 4.1, we derive an exact partition function, which coincides with by the localization technique.
Organization of the paper is as follows: In section 2 we explain about the reduced matrix model from which we construct the supersymmetric lattice formulation. The reduced model is obtained from a dimensional reduction of 6 dimensional N = 1 supersymmetric gauge theory. There we fix some notations and an original action to use in the lattice construction. And in section 3, we construct a 2 dimensional N = (4, 4) supersymmetric lattice model from the reduced matrix model using the "orbifolding" and "deconstruction" methods. We also explain about these methods there. And in the last part of the section, we show a new construction of an N = (2, 2) supersymmetric lattice formulation by the "truncation" of scalar fields from the N = (4, 4) lattice theory. And In section 4 which is a main part of this paper, we discuss about the partition function and observables on the lattice theory. Section 5 is devoted to a conclusion and discussions. Some additional definitions associated with a representation of Clifford algebra are denoted in appendix A. §2. Reduced Matrix Model with 8 Supercharges
In prior to constructing the supersymmetric lattice theory, we start from an explanation of the reduced matrix model with 8 supercharges since it is the mother of the lattice theory arising after the orbifolding and deconstruction. In this section, we fix some notations and an original action to use in the following constructions.
In order to construct the 0 dimensional supersymmetric matrix model with 8 supercharges, it is convenient to consider a dimensional reduction from N = 1 supersymmetric U(MN 2 ) Yang-Mills theory in the Wick-rotated Euclidean 6 dimensional space-time 
, and ǫ is a Killing spinor. These γ K are introduced in order to absorb Γ 6 ofΨ into Γ K .
The 0 dimensional reduced matrix model is obtained by ignoring derivatives in the action
Introducing the following complex matrix coordinates
4)
the bosonic part of the action (2 . 3) can be written as
Similarly, taking Ψ as the following form by an 8 × 8 matrix U f ,
for a suitable representation of γ K , the fermionic part becomes
See appendix A for an explicit form of γ K and U f . The supersymmetric transformations of the reduced matrix model can be obtained from the dimensional reduction of (2 . 2). Especially, if we pick up the last component of the Killing spinor as ǫ = (0, . . . , 0, −ε), we can extract a part of the supersymmetric transformations proportional to a scalar supercharge.
Denoting the scalar supercharge as Q, we get the scalar supersymmetric transformations for the matrix components
where H ≡ (H R , H C , H C † ) is introduced as auxiliary matrix variables in the off-shell supersymmetric transformations. These transformations make a BRST algebra. So we call the transformations as the BRST transformations. We notice that almost matrices have supersymmetric (BRST) partners and make pairings, but only Φ lives alone without any partner. So if we denote the bosonic degrees of freedom as
then the corresponding fermionic matrices are
Φ is independent of these variables. Here we define the pair of them as A ≡ ( B, F). Be attention to that the BRST transformations are written in terms of homogeneous transformations of A.
The BRST transformations play a special role in the theory. Indeed, the action (2 . 3) can be written as a BRST exact form 33), 34)
Here where SU(2) L × SU(2) R is isomorphic to the SO(4) rotational symmetry in 4 dimensions. We will utilize this partial global symmetry to construct a topologically twisted theory. We now introduce a quaternionic 2 × 2 matrix notation of the 4 dimensional bosonic matrix
and also for the fermionic matrix coordinates,
(2 . 9)
These transform as
where L ∈ SU(2) L , R ∈ SU(2) R and M ∈ SU(2) I .
The bosonic part of the action S 0 | B is originally invariant under the SO(6) ⊃ SU(2) L × SU(2) R Lorentz symmetry and trivial under SU(2) I . Using the quaternionic notation of matrix variables (2 . 8) and (2 . 9), each fermionic part S 0 | F = S F 1 + S F 2 + S F 3 can be written as
where σ 2 acts only on the 2 × 2 matrix indices of the quaternionic notation and the commutator stands only for the MN 2 gauge indices. From these equations, we can see immediately S F 1 is invariant under the transformation (2 . 10)-(2 . 12). The invariance of S F 2 and S F 3 is also found by regarding σ 2 Λ T σ 2 or σ 2Λ T σ 2 as the complex conjugate representation of Λ or Λ.
The topological twisting amounts to a redefinition of the global symmetry by taking a diagonal part SU(2) ′ of SU(2) R × SU(2) I . This means that we need to set M = R. Under the redefined symmetry SU(2) L × SU(2) ′ , BRST charge Q becomes a singlet and X † and Λ transform as the same way, where X † is given by 13) and transforms as
Thus we can identified all global symmetries which can be used for the orbifolding on the reduced matrix model. §3. Two Dimensional Lattice Theory from Topological Matrix Model
In this section we explain how we can obtain the lattice formulation which preserves BRST charges. We can construct such lattice formulation by the orbifolding and the deconstruction methods. 8)-10)
The orbifolding is the projection of matrix variables to the invariant subspace under (2) I . An appropriate choice of generator sets of Z N × Z N lets us construct an orbifold action which preserves fermionic supercharge which is equivalent to the BRST charge of topological field theory. Theory orbifolded by the Z N × Z N is also regarded as the reduced matrix model of quiver gauge theory 28) or brane box model. 35) , 36) We have to perform not only the orbifolding but also the deconstruction to realize lattice gauge theory in the 2 dimensional space-time. The orbifolded quiver action itself cannot be regarded as a lattice action since these have no kinetic term. A mechanism called as deconstruction automatically generates kinetic terms by a spontaneous breakdown of the gauge symmetry. By the deconstruction, the bosonic link fields X, X † , Y, Y † are redefined as a fluctuation around the vacuum expectation value which is characterized as 1/a × 1 M , where a stands for a lattice spacing.
We perform this orbifolding and deconstruction procedure step by step in the following.
Orbifolding
We first consider orbifold projection operatorsγ a ∈ Z N × Z N (a = 1, 2) acting on an
where indices m, n are U(MN 2 ) gauge indices of an adjoint representation.
The orbifold projection is a truncation of matrix components which do not satisfy (γ aÕ ) m,n =Õ m,n for any a.
Due to this projection, the gauge symmetry U(MN 2 ) breaks down to U(M) N 2 . The supercharges in the matrix model are also projected out since they transform under G. Projection conditions for the supercharges are defined as
where we denote ς as indices of G and C (a) are canceled out since the supercharges are gauge singlets. The supercharges which survive under this condition become preserved fermionic charges on the lattice. We define explicitly generators C (a) from the gauge group as
, ω = e 2πi/N .
(3 . 3)
Then e i2πra/N are combinations of the Cartan subgroup (maximal torus) of the global symmetry G. We should define the r a charges to make the supercharge which is equivalent to the BRST charge surviving under the projection (3 . 2). We will define the set of r a charges using by the Cartan subgroup of
So we define the set of r a charges as linear combinations of L 3 and R ′ 3
When we perform the orbifold projection with respect to these charges, we can preserve the BRST charge on the lattice. Besides, under these U(1) symmetries, the matrix variables X, Y, λ, etc. become eigenmatrices with eigenvalues denoted in Table I .
From the definition (3 . 1), (3 . 3) and (3 . 4), each MN 2 × MN 2 matrix variable reduce to the N 2 sets of M × M submatrices by the orbifold projection if we decompose each matrix into N 2 × N 2 blocks of M × M submatrices. The N 2 products of U(M) gauge symmetry acts on these M × M submatrices. Then we label the N 2 row indices for different blocks as n = (n 1 , n 2 ) (n 1,2 = 1, . . . , N), which will become coordinates (sites) of 2 dimensional space-time (lattice).
We now define N 2 sets of the vector A n ≡ ( B n , F n ) which composed by the M × M bosonic and fermionic matrix fields respectively as follows
We also define the N 2 matrices Φ n which is from Φ. Using this manipulation, we can obtain the following quiver action from the original matrix model (2 . 3)
and
The summation in the action (3 . 5) is taken over the N 2 labels n, and we define i and j as unit vectors in each direction, namely i = (1, 0) and j = (0, 1), respectively. The matrices transform as bi-fundamental or adjoint representation under the broken gauge sym-
. We represent the gauge transformation of these matrices by using the quiver diagram in Fig. 1 . From the diagram, we find that the bosonic X n , X † n (Y n , Y † n ) and fermionic λ n , λ † n (λ n ,λ † n ) fields reside on links in the i-(j-) direction, the fields Φ n ,Φ n , η n , χ R n , H R n sit on the sites, and χ C n , χ C † n , H C n , H C † n are diagonal link fields in the quiver diagram. (See Fig. 1 .) The location of each variable is completely decided by their corresponding r-charges. For example, fields with (r 1 , r 2 ) = (0, 0) live at the sites, ones with (r 1 , r 2 ) = (1, 0) reside on links pointing in the i-direction, and ones with (r 1 , r 2 ) = (1, 1) are diagonal link fields.
By performing the orbifolding to the BRST transformations on the matrix model, BRST transformations on the lattice are obtained as follows
These are still homogeneous transformations of A n = ( B n , F n ).
We would like to comment that this quiver matrix theory has another preserved charge Q ′ which is not singlet under the SU(2) R × SU(2) I twisting but belongs to triplet of the decomposition 2 R ⊗ 2 I = 3 ⊕ 1. The preserved charge Q ′ is a neutral state in the triplet. including even in the triplet. However we respect to the singlet supercharge which is used in the topological twisting in the following since we are interested in a recovering of topological field theory.
Geometrical interpretation
The orbifold model we have constructed has a very nice geometrical interpretation in string theory. As well known, open strings on the D-branes produce gauge degrees of freedom and supersymmetric gauge theory appears as low energy effective theory. The quiver gauge theory can be realized by putting the D-branes at an associated orbifold singularity. If we would like to preserve some of supercharges, the discrete group corresponding to the orbifold is restricted and classified by a discrete subgroup of a holonomy group in the geometry. For example, when we orbifold a 2 dimensional complex plane C 2 , the quotient group must belong to the discrete subgroup of SU (2), which is completely classified by ADE Lie algebra. SU (2) is a holonomy of 4 dimensional hyper-Kähler manifold, which preserves the same number of the supercharges as the orbifold. The A-type orbifold is simply C 2 /Z k .
Let us see the orbifold action of our model on the matrix coordinates in detail. We first find that the U(1) actions associated with r 1 and r 2 charges are
as denoted in Table I . So the choice of ω 1,2 = e 2πi N gives the orbifold C 3 /Z N ×Z N if we regard (X, Y, H C † ) as the 3 dimensional complex coordinates. The discrete group Z N × Z N belongs to a discrete subgroup of SU(3). Since SU (3) is a holonomy of a Calabi-Yau manifold, we expect that the orbifolding preserves some of supersymmetries. This orbifold is also considered in the context of a brane configuration, which is a dual of the orbifold and called as the brane box model . 35 where the numbers stand for the world-volume direction of the branes. Note that the D1branes do not extend in the time direction. So the D1-branes are the Euclidean D-branes, whose world-volume effective theory is topologically twisted. 37) We depict the brane box configuration in Fig. 2 .
Deconstruction
The quiver action (3 . 5) does not include kinetic terms. To generate kinetic terms, we should perform the deconstruction. The deconstruction is the field redefinition of the complex bosonic fields X n , X † n , Y n , Y † n expanding around vacuum expectation values of
We will interpret a here as the lattice spacing. We can choose two different types of the fluctuations: One of them is a Cartesian decomposition which is a sum of hermite and antihermite matrices adopted in 8)-10). Following this decomposition, we can rewrite the general M × M complex matrices X n , Y n in terms of the hermite matrices s k,n (k = 0, . . . , 3) and v x,n , v y,n as
where s kn can be regarded as scalar fields and v xn , v yn are gauge fields in x, y-direction, which are deconstructed 2 dimensional space-time directions corresponding to i, j-directions in the orbifolded quiver model. If we take this choice, the U(M) gauge symmetry is obscured on the lattice. On the other hand, another choice proposed in 11), 12) makes the gauge symmetry manifest on the lattice. It is a polar decomposition of complex matrices which is uniquely represented as a product of hermite matrices ( 1 a + s k,n ) (k = 0, 3), which represent a radial direction and so have positive eigenvalues only, and unitary matrices
where U µ,n are unitary matrices written by using the gauge fields as U µ,n = e iavµ,n (µ = x, y).
Note that the fluctuation must satisfy |s k,n | ≪ 1 a because of the positivity of the radial coordinate matrices ( 1 a + s k,n ). In this choice, the gauge symmetry are manifest, that is, the gauge fields are described by compact link fields and the scalar fields are sitting on the sites.
If we expand the compact link fields as U µ,n = 1 + av µ,n + O(a 2 ), the polar decomposition reduces to the Cartesian decomposition at a → 0 limit. So we find that the a → 0 limit of the both choices give the same continuum theory, but we adopt the polar coordinate decomposition in the following constructions because of the advantage of the manifest gauge symmetry.
One can immediately see the generation of the kinetic term on the lattice by substituting the (3 . 10) into the orbifold action (3 . 5). For example, let us consider a part of the action
After a substitution of (3 . 10), one obtain the finite difference term of η which is a part of the fermionic kinetic term as follows
One can also check the generation of other kinetic terms in the same way.
The deconstruction does not change any symmetry since it is only the changing of the matrix variables. Also the BRST symmetry is unchanged by the deconstruction, its explicit form after the deconstruction is obtained through a rewriting of the transformation law (3 . 7) by using (3 . 10). Indeed this is nothing but the change of the variables, but the difference term of Φ is realized there, for example,
Especially applying the BRST transformation twice to the complex bosonic fields − i 2 (X n − X † n ) and − i 2 (Y n − Y † n ) which become the gauge fields v x and v y in the continuum limit, it generates a lattice analog of the covariant derivative
This result agrees with the twice BRST transformation of the gauge field of the continuum topological field theory, which is represented by
In the deconstructed action, 2 dimensional gauge coupling g 2 is written in terms of a product of the lattice spacing a and gauge coupling of matrix model g as g 2 = ga. Using this 2 dimensional coupling, the sum of N 2 indices n is factorized as
Then we can regard a 2 n as a coordinate summation over the lattice point with the volume element a 2 , namely which becomes an integral over the 2 dimensional continuum space-time d 2 x with a suitable measure.
Therefore finally we can obtain the 2 dimensional topological field theory action, which is equivalent to the N = (4, 4) supersymmetric Yang-Mills theory in a sense of matter contents and interactions. Here we should take the limit with the condition that 2 dimensional coupling g 2 is fixed. The explicit form of the target continuum action is
This topological field theory action (3 . 11) is equivalent to N = (4, 4) super Yang-Mills theory action, which is
where indices k, k ′ run from 0 to 3. Here γ-matrices are defined by
The fermions Ψ i ,Ψ i (i = 1, 2) are given bȳ
And also τ a ij (a = 1, 2, 3) are Pauli matrices with flavor indices i, j, and the sum of the repeated indices are taken here.
Truncation to N = (2, 2) theory
So far we have been considering the theory with 8 supercharges, but we can obtain a subclass of lower supersymmetric theory via a truncation of the fields where some components vanish. Explicitly during the deconstruction by the expansion (3 . 10), we get a topological filed theory twisting from N = (2, 2) supersymmetric Yang-Mills theory which has 4 supercharges if we truncate some scalar and auxiliary fields as
After these truncations, the expansion of the bosonic fields becomes
(3 . 12)
We here can expect that the BRST transformation of the lattice spacing a vanish since the lattice spacing is not dynamical. So from (3 . 12) we immediately obtain
Using the definition (3 . 12) and the BRST transformations (3 . 13), we obtain the constraints between λ n (λ n ) and λ † n (λ † n )
(3 . 14)
There also exist relationships between χ C , H C and χ C † , H C † which are imposed by the equations of motion H C = i 2 E C and H C † = − i 2 E C † and the BRST transformations Qχ C = H C and Qχ C † = H C † . These conditions do not contradict the definition of the original BRST transformations (3 . 7). Thus we have precisely a half of the degree of freedom in the truncated theory.
Together with the above definitions and constraints, the truncated lattice action becomes as follows,
Here indeed χ C † , H C † depend on other fields, we use the same symbol as the N = (4, 4) in this action since the explicit expression of these fields are too complicated to write down.
The truncation conditions in the continuum limit can be read from the a → 0 limit in each truncate condition on the lattice. For fermion fields λ,λ and λ † ,λ † , the following conditions are immediately obtained from (3 . 14)
We also get a constraint between H C and H C † as
since H C is given as i 2 E C which tends to be the field strength −iF xy in the continuum limit while H C is defined by − i 2 E C † ∼ iF xy . Using this condition we can obtain the constraint for their BRST partners χ C and χ C † . From the above condition (3 . 16) and a → 0 limit of (3 . 7), we can see following conditions
The commutation relation (3 . 17) tells us that χ C + χ C † must be proportional to the fermionic unit matrix which decouples from the continuum action. So we can impose
at the action construction. Moreover we can obtain the gauge fields from the −i(X − X † ) and −i(Y − Y † ) which are the same ones in N = (4, 4) theory. Combining these conditions, we find the BRST transformations
So the continuum limit of the truncated action (3 . 15) becomes a topological field theory action twisted from the N = (2, 2) 2 dimensional supersymmetric Yang-Mills theory. The
Our lattice theory is not equivalent to the N = (2, 2) lattice theory proposed by Cohen, Kaplan, Katz and Unsal (CKKU) 9) although the continuum limits of the both are the same.
Our model has only one BRST closed field Φ while the CKKU model has two BRST closed fieldsx andȳ. Each fermionic charge in the models cannot be equivalent to each other. In addition, our model does not have 3-point scalar vertices, which are included in the CKKU model. §4. Partition Function and Observables
Partition function
As we have seen, the action of the reduced matrix model can be written in the BRST exact form. So if we consider the partition function of the theory
where the path integral is performed with a suitable measure on the moduli space M, and Vol(U(MN 2 )) represents a volume of U(MN 2 ) group (see for example the explicit form and asymptotic behavior in 38)). Noting that a derivative of the partition function with respect to the gauge coupling g vanishes
since the measure is defined as the BRST invariant, the partition function itself does not depend on the coupling g. If we evaluate the partition function in the limit of g → 0, the semi-classical (Gaussian, WKB) approximation is exact. This is a property of topological field theory.
Exact partition function
The calculation technique was introduced by 34), 39) and developed in 40), 41). We use the supersymmetric version of the localization theorem and most arguments are followed by 40), 41). One would see that the technique is analogous to the Nicolai mapping. 42) We first introduce a vector field Q * generating the BRST transformations on the supermanifold spanned by the coordinates A = ( B, F)
The super-Hessian associated with the vector field Q * is given by
According to the localization theorem, 40), 41) after performing the integrals on M except for Φ, the partition function is given in terms of a super-determinant of the super-Hessian
.
However if we naively apply the above derivation to the present case, the integral measure on Φ divided by the super-determinant is degenerate and the integral diverges. In order to regularize the integral, the authors of 34), 39) introduce parameters ǫ andǫ (Ω-background) which give masses for the matrices and lift up the flat directions. The BRST transformations are modified by the parameters as
where ǫ ≡ (0, ǫ +ǫ, −(ǫ +ǫ)). Following these modified BRST transformations, the vector fields are also modified as
and correspondingly the super-determinant is expressed explicitly as
where [Φ, ·] stands for an adjoint action causing by Φ. If we diagonalize Φ as
the adjoint action and a part of the integral measure are replaced by the so-called Vandermonde determinant. Then we finally obtain the partition function as an integral over the
Now let us apply the above formulation to our orbifold model given by the BRST transformations (3 . 7) and the action (3 . 5). From the BRST transformations, we find the vector field Q * as
(4 . 4)
So we can express the partition function in terms of integrals on the M eigenvalues φ n,i of
(4 . 5)
Notice that we do not need the parameters ǫ andǫ no longer in order to regularize the partition function. The orbifolding plays role instead of the Ω-background.
Observable
A physical observable O in the topological field theory is defined as a BRST closed operator QO = 0, but not BRST exact. Then the observables form the BRST cohomologies. The expectation value of the BRST operator is also independent of the coupling constant g using the same arguments on the partition function. So we can use the semi-classical approximation to calculate the expectation value of the physical operators.
Corresponding observables on our lattice theory would be exactly defined as the BRST cohomology on the lattice since the action of this theory can be written as BRST exact. In our construction, the BRST cohomology on the lattice theory comes from the BRST cohomology on the matrix theory. So in this paper, we look for the BRST cohomological value on the matrix theory to define the observables on the lattice.
The BRST cohomology on the continuum space-time
To investigate the BRST cohomology on the matrix model, we first would like to mention about the BRST cohomology in continuum theory. 43) Here we pick up the 4 dimensional N = 2 topological field theory since our matrix model is obtained by the dimensional reduction of it as denoted in section 2. In continuum theory, we can obviously find a candidate for a gauge invariant physical observable
or a trace of a polynomial in Φ(x) generally, since the field Φ is BRST closed but not BRST exact. For higher form operators, noting the following relation
where F = F µν dx µ ∧ dx ν is Yang-Mills field strength, λ = λ µ dx µ is a fermionic 1-form and d is an external derivative, we obtain the so-called descent equations QW 0 = 0,
where
Using a property of the descent equations (4 . 6), the observables can be constructed from the k-form W k (k = 1, . . . , 4) by picking up a k-homology cycle γ k as follows
So O k can be the BRST closed observables.
The BRST cohomology on the matrix model
There is expectation that the BRST closed observables are obtained similarly by using the descent equations in the matrix model. From a dimensional reduction of (4 . 6), we obtain
where the forms dx µ or dx µ ∧ dx ν does not make a sense in 0 dimension and µ, ν run from 1 to 4. It is more convenient to redefine the above values as the eigenstates of the r a charges denoted in (3 . 4) for our purpose. Combining together W 1,µ , we define the following values
From the combination of W 2,µν , we also define the following values
The dimensional reduction of the descent equation (4 . 6) tells us that the values (4 . 7) become BRST closed, namely QW 1,µ = 0 and QW 2,µν = 0, since there is no concept of the differential form and the derivative in the 0 dimensional matrix model. So these (4 . 7) and their combinations (4 . 8) and (4 . 9) are manifestly BRST closed.
But unfortunately, such the matrix operators (4 . 7), (4 . 8) and (4 . 9) associated to higher forms can also be written in the BRST exact form as 
which has ghost number 4.
In our model, all matrix operators associated with higher forms cannot be non-trivial observables since the BRST transformations in the matrix model are homogeneous on A = ( B, F). We will show it in the following sentences.
In addition to the homogeneous BRST symmetry (4 . 1), we now define the another fermionic transformationQ as
where this additional transformation does not have to be symmetry of the matrix model action. Then the anticommutation relation between the BRST charge and additional chargẽ Q composes a number operatorN A acting on A, which is written by
A general function of the matrices F can be written in terms of a sum of eigenfunction of
(4 . 11)
From (4 . 11) and a property [Q,N A ] = 0, any BRST closed function h must satisfy
The BRST closed eigenfunction h n A associated with a non zero eigenvalue n A = 0 must be BRST exact since we can write such the function h n A as
So from (4 . 12) and (4 . 13), BRST cohomologies in the BRST closed function h = ∞ n A =0 h n A come only from the zero eigenstates h 0 , which is a polynomial of Φ which does not associate with higher forms. So it is shown that there is no higher form operator which can be nontrivial observable.
This proof tells us that we cannot straightforwardly realize the observables except for the polynomial of Φ on the lattice since this situation does not change even after performing orbifolding and deconstruction. So we have to perform some non-trivial trick to realize the observables on this lattice construction.
Discussion about the observable
To tell the truth, even in the continuum theory, the operators O k (x) formally can be written as the BRST exact form like as
Tr ΦA,
Tr λ ∧ A, here A = A µ dx µ is 1-form defined with the gauge fields A µ . These are seemingly BRST exact but actually they are not, since Tr ΦA and Tr λ ∧ A are not gauge invariant due to the existence of inhomogeneous terms gdg −1 in the gauge transformation of gauge fields A → gAg −1 + gdg −1 . Moreover the BRST transformations in continuum theory are not homogeneous due to such the inhomogeneous terms. The inhomogeneous terms are absent in the matrix model since these terms are defined with derivatives which disappear in 0 dimensional theory. So in the matrix model, the higher forms are written in terms of the fields which are obtained by the BRST transformation of gauge invariant ones, they become trivial.
In continuum theory, a vacuum expectation value of the operator O 0 = Tr Φ 2 (x) is independent of the space-time coordinate because of the decent relation,
This is a reason why O 0 = W 0 = Tr Φ 2 can be defined in the reduced matrix and deconstructed lattice models. On the other hand, 1-form and 2-form observables are defined as the integrations over each homology 1-cycle γ 1 ∈ H 1 (Σ) and 2-cycle γ 2 ∈ H 2 (Σ) on the differentiable 2 dimensional manifold Σ, such the integrations are the inner products Υ between γ 1 or γ 2 and their dual cohomologies ω 1 ∈ H 1 (Σ) or ω 2 ∈ H 2 (Σ), namely
The inner product between a homology cycle and its dual space is difficult to construct in the lattice or matrix model since such value is related to a topology which is invariant under the infinitesimal transformation on the continuum manifold, such the infinitesimal transformation and its invariance are hard to realize in the matrix or discrete lattice model.
The exterior derivative, which is necessary for the definition of the de Rham cohomology on Σ, is also difficult to realize since there is no concept of differential form and the Leibnitz rule is broken on the lattice. These would be reasons why there are not non-trivial higher form observables on the lattice. §5.
Conclusion and Discussions
In this paper we have discussed about the partition function and observables of the topological field theory on the lattice. There we use our original lattice action which is constructed from the 0 dimensional matrix model using by the orbifolding and the deconstruction method, and preserves the BRST charge on the lattice. The starting 0 dimensional matrix model is the same as the "mother theory" introduced in 8), but the r-charges used in the orbifolding and the preserved fermionic charges differ from the ones in 8).
We have shown that the calculation of the partition function can be facilitated like as the equation (4 . 5) by the localization theorem on our lattice theory. Such the partition function is expressed in terms of integrals only on the M eigenvalues φ n,i of each Φ n . We can adopt the technique analogous to 34) since our lattice model is constructed by the orbifolding of the matrix model whose partition function is calculated in 34). In this calculation on the lattice, we do not need the parameter ǫ andǫ in order to regularize the partition function since the orbifold projection plays the same role of the Ω-background. Our remaining task about the calculation of partition function is to perform the integration over Φ on the lattice theory. One can also regard this facilitating technique as the Nicolai map. 42) We have also investigated about the observables of the topological field theory on the lattice. These are defined as the BRST cohomologies on the lattice obtained by the orbifold projection of the BRST cohomologies in the matrix model. Only the 0-form observables O 0 which are the polynomials of the BRST cohomological field Φ can be non-trivial on the lattice while the observables corresponding to 1-form or 2-form in continuum theory must be BRST trivial on the lattice. It is worthwhile for the studies of topology on the lattice to consider how dimensional reduction or lattice regularization makes such observables trivial. One of the reasons for the above facts would be that O 0 is independent of the space-time coordinates while other operators are defined with the integral over homology cycles which become illdefined on the matrix and lattice model. This consideration should gain something to do with the study of the Leibnitz rule on the lattice, the way of triangulation of manifolds, and the treatment of the cohomologies and its dual homologies on the lattice. Also for the studies of the space-time generation from the matrix model (for example 44)), such the consideration would be important. It would be related with the consideration how the manifolds with well defined topology should be generated from the matrix model since our model is constructed from matrix model. Further works on these problems are needed in the future.
In addition we have shown that N = (2, 2) supersymmetric Yang-Mills theory on the lattice can be obtained from the N = (4, 4) lattice theory by the truncation of suitable scalar fields. But such lattice model is not equivalent to the model described by 9) although the continuum limit of the both are the same as each other.
The problem on the "supersymmetry breaking moduli fixing" cannot be ignored in our study although we have not investigated it in the present paper. After performing the deconstruction, large fluctuations around the vacuum expectation value may destroy the lattice structure as noted in 8)-10). An usual way to suppress such fluctuations is an addition of supersymmetry breaking mass terms which spoil the topological field theoretical property on the lattice. But there is a possibility to suppress such the fluctuations without any supersymmetry breaking. Using the modification of BRST symmetry with the parameter ǫ as explained in the equation (4 . 2) in Section 4.1, we can suppress the fluctuations around the vacuum expectation value since the modification introduce the mass term without the breaking of the modified BRST symmetry.
Our N = (2, 2) model obtained by the truncation would not suffer from the moduli fixing problem since there are not the scalar fields which give the large fluctuations destroying the lattice structure. So we might be able to define lattice theories without the supersymmetry breaking mass term which spoil the topological field theoretical property after the truncation.
components of fermionic 1-form, and the χ ′ = (χ 12 , χ 13 , χ 14 ) are from 3 components of selfdual fermionic 2-forms. In addition, H ′ = (H 12 , H 13 , H 14 ) are auxiliary bosonic fields which are superpartners of χ ′ written as (H 12 , H 13 , H 14 ) = (Qχ 12 , Qχ 13 , Qχ 14 ).
In order to rewrite the matrix model action ( where
To generate the lattice theory by using the "orbifold projection", it is convenient to introduce the complex matrix coordinates obtained by the combination of the above variables A µ , λ µ , · · · , etc. We introduce the complex bosonic matrix coordinates defined as ( In this paper, we take the basis of fermion field Ψ as Ψ T = (λ 2 , λ 3 , λ 4 , λ 1 , χ 12 , χ 13 , χ 14 , 1 2 η) = (λ, λ † ,λ,λ † , χ R , χ C , χ C † , 1 2 η) · U T f , using the above expression of γ matrices.
